Abstract. The e ect of model and parameter misspeci cation on the e ectiveness of Gaussian hedging strategies for derivative nancial instruments is analyzed, showing that Gaussian hedges in the natural" hedging instruments are particularly robust. This is true for all models that imply Black Scholes type formulas for option prices and hedging strategies. In this paper we focus on the hedging of xed income derivatives and show h o w to apply these results both within the framework of Gaussian term structure models as well as the increasingly popular market models where the prices for caplets and swaptions are given by the corresponding Black formulas. By explicitly considering the behaviour of the hedging strategy under misspeci cation we also derive the El Karoui, Jeanblanc-Picqu e and Shreve 1995, 1998 and Avellaneda, Levy and Paras 1995 result that a superhedge is obtained in the Black Scholes model if the misspeci ed volatility dominates the true volatility. Furthermore, we show that the robustness and superhedging result do not hold if the natural hedging instruments are unavailable. In this case, we study criteria for the optimal choice from the instruments that are available.
Introduction
Models for pricing by arbitrage are widely applied in practice despite, or perhaps because of, the fact that they imperfectly represent reality. The Black Scholes formula for option pricing owes its popularity t o t wo important features: For one, it can be derived in a totally preference free modelling framework, without recourse to such unobservables as agents' utility functions. Secondly, the model is analytically very tractable and therefore does not require time consuming numerical calculations. Models in other areas of derivative asset analysis are often measured by this standard. Thus for example Gaussian term structure models remain popular even though they imply negative interest rates with positive probability. The question therefore arises whether the unrealistic and often empirically invalidated assumptions that are made on the stochastic processes driving the underlying prices, as well as the requirement that the process parameters are known exactly, are legitimate abstractions for the sake of model tractability. In practice, these two sources of misspeci cation are taken into account by repeatedly recalibrating the model to the market, an approach which contradicts the model assumptions. In particular term structure models are re tted time and time again to whichever yield curve is observed in the market. The foundation for the pricing of derivative securities by arbitrage is given by the concept of a self-nancing, duplicating strategy, hedging strategy for short. We analyze how e ective such strategies are under model misspeci cation and recalibration. The hedging strategies are assumed to be carried out according to a model which di ers from the true dynamics of market prices either in the process parameters or, more generally, in the way the stochastic di erential equations driving market prices are speci ed. In particular, we relax the usual assumption that strategies are self-nancing and only require that they duplicate the payo to be hedged at maturity. This is due to the fact that misspeci cation necessarily introduces a non-vanishing cost process. As strategies are no longer self-nancing and duplicating at the same time, some authors 1 consider model misspeci cation to be a case of market incompleteness. However, although markets may be incomplete in our framework, incompleteness is not the issue central to this paper. Even if both the underlying true" model and the model assumed for the purpose of calculating hedging strategies are complete in the Pliska 1981, 1983 sense; contingent claims that could theoretically be duplicated by self-nancing strategies are not, because of misspeci cation. We study the case of a European option to exchange two assets. This is a suitably general payo ; at the same time an explicit hedging strategy can be calculated under the assumption that the relevant dynamics are lognormal. The strategy we consider is continuously recalculated under the assumed model, given the market prices generated by the true dynamics. Therefore we have in ows and or out ows of funds from our hedging portfolio, de ning a cost process along the lines of F ollmer and Sondermann 1986. We analyze the behaviour of this cost process under misspeci cation. In order to remain independent of agents' risk preferences, we focus on strategies which are superhedges over their entire lifetime, i.e. whose cost processes are almost surely monotonically decreasing. Such processes must necessarily be of nite variation. The main result is that the cost process is indeed always of nite variation for a Black Scholes type hedge in the natural instruments. Identifying the natural hedge instruments for xed income derivatives, we can apply the exchange option framework to the hedging of bond options as well as interest rate derivatives such as caps, oors and swaptions, using Gaussian term structure models of the Vasicek 1977 type, or lognormal interest rate market" models such as Miltersen, Sandmann and Sondermann 1997 , Brace, Gatarek and Musiela 1997 or Jamshidian 1997 . By explicitly studying the hedging strategy, w e arrive a t a v ery straightforward proof of the El Karoui, Jeanblanc-Picqu e and Shreve 1995 and Avellaneda, Levy and Paras 1995 result that a superhedge is obtained in the Black Scholes model if the misspeci ed volatility dominates the true volatility. Clearly, if the option price is increasing in the volatility of the underlyings, under absence of arbitrage a hedging strategy based on an overestimated volatility must be a superhedge on average", i.e. in expectation under the risk neutral measure. However, the robustness result is stronger than this; a portfolio strategy in the natural instruments constructed assuming lognormal dynamics with volatility dominating the true volatility i s a n almost sure superhedge, irrespective of the true asset dynamics. This result has several implications. For one, if the misspeci ed volatility is the smallest upper bound on the true volatility, running a Black Scholes or Gaussian" hedge is arguably the cheapest of many possible superhedges. Secondly, the market practice of simultaneously applying Black Scholes like formulas to bond options, swaptions, caps and oors leads to inconsistencies and theoretical arbitrage opportunities, but in view of our result attempting to force consistency by employing theoretically compatible non Gaussian hedges for some products may becounterproductive given uncertainty about what is the true" model. The El Karoui, Jeanblanc-Picqu e and Shreve 1995 result very much depends on the fact that the hedging strategy is carried out in the natural" instruments, as we show in section 8. If a natural hedging instrument is unavailable, a two-step hedging strategy based on volatility overestimation no longer results in a superhedge and the problem arises how to select hedging instruments from traded assets in a manner which is by some criterion optimal. The paper is organised as follows. The next section introduces the probabilistic setup. We then proceed to formalize the pragmatic approach of assuming the dynamics of a suitable process to be lognormal for hedging purposes while frequently recalibrating to market prices. Section 4 derives the nite variation of the cost process as well as the superhedging result; section 5 discusses the application of this result to xed income derivatives and the corresponding models. In section 6, we add a few remarks on the cost of setting up a superhedge and section 7 commences the discussion of the case where natural" hedging instruments are unavailable. This discussion is continued in sections 8 through 10, where we study the problem of duplicating a zero coupon bond with other bonds and state some criteria for the optimal choice of maturities. The last section concludes.
2. Probabilistic Framework Due to the e ects of misspeci cation, the trading strategies we consider will not beselfnancing. Therefore, we adopt a more general de nition of a trading strategy which does not include the self-nancing requirement. Associated with each such strategy is a cost process, whose introduction is the main purpose of this section. We collect de nitions and x some terminology along the way.
All the stochastic processes we consider are de ned on an underlying stochastic basis ; F; IF = F t t2 0;T ; P , which satis es the usual hypotheses. Trading terminates at time T 0. We assume that the price processes of underlying assets are described by strictly positive, continuous semimartingales. By a contingent claim X with maturity T 2 0; T , we simply mean a random payo received at time T , which is described by the F T -measurable random variable X. 
The in nitesimal increment dL t is the incremental cost incurred at time t by rebalancing the portfolio as prescribed by the strategy . The portfolio strategies we consider in actual calculations will be continuous semimartingales themselves. If is a continuous semimartingale, the same is true of the value process V and the cost process L . Itô's lemma then implies that we can calculate the increment of the cost process as follows
The strategy is self-nancing i the cost process L is identically zero. In this case, the value process V is always a continuous semimartingale because it can berepresented as a stochastic integral.
In the presence of misspeci cation, the duplication of a contingent claim by a self-nancing strategy may not be possible. Superhedges are one concept designed to deal with this situation. Definition 2.3 Superhedge. Consider a contingent claim X maturing at time T 2 0; T . A superhedge for X is a portfolio strategy which replicates X and for which the paths of the rebalancing cost process L are almost surely monotonically decreasing. According to our de nition, a strategy replicating a contingent claim X maturing at T 2 0; T is a superhedge i at each time t 2 0; T the incremental cost dL t of rebalancing the portfolio is non-positive, so that no funds need to be injected into the portfolio while still replicating the contingent claim at time T .
Note that in our de nition of the cost process L , for each t 2 0; T the increment dL t is given in terms of money paid at time t, so that the increments are not given in terms of a single numeraire. In particular, future payments are not discounted. Suppose now that the asset S 1 is the numeraire. We denote discounted asset price and value processes by starring them, i.e. V := This is the de nition of a cost process as it is introduced in F ollmer and Sondermann 1986. In that paper, it is shown how one arrives at this formula as the continuous time limit of the cost incurred when the portfolio is rebalanced at discrete points in time. The concept of a superhedge only refers to the local properties of the cost process. Therefore, as the following proposition shows, it makes no di erence whether we de ne superhedging strategies using the cost process L o r the discounted process L . 3. Asset Dynamics Assumed by Gaussian Hedgers Black Scholes like formulae for pricing derivatives follow from the assumption that the stochastic dynamics of the process relevant for hedging are driven by a geometric Brownian motion. In particular, this implies that the volatility is deterministic. Hedge ratios can then be expressed in terms of the cumulative distribution function of the standard normal distribution, therefore the term Gaussian hedges". To formalize, along the lines of Frey and Sommer 1996 we state the following Definition 3.1 Lognormal Process. We call a stochastic process Z lognormal i it can be written in the form dZ t = Z t t dt + Z tdW t 5 with deterministic dispersion coe cients~ Z : 0 ; T ! I R In a model where the quotient process Z := X Y is lognormal, it holds that a The price process C = C t 0tT of the exchange option is given by 
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A few comments are in order concerning this theorem. The lognormality of X and Y is su cient, but not necessary for its application. In a model where X and Y are lognormal processes with volatilities~ X and~ Y , respectively, Z is lognormal as well with volatilitỹ X ,~ Y . This remains valid in the degenerate cases where either X T or Y T is deterministic, so that theorem 3.2 can be applied to a standard put or call option on an asset with a lognormal price process.
The trading strategy given in b duplicates the exchange option at maturity even in the case of model misspeci cation. However, it is only self-nancing if the true dynamics of X and Y are such that Z is lognormal and the true volatility o f Z equals the assumed volatility. It is remarkable that the hedging strategy can be speci ed exclusively in X and Y , regardless of the dimension of the driving Wiener process. In particular, the pricing and hedging in theorem 3.2 is the same as for a model driven by a one- For this reason, we call X and Y the natural hedge instruments for the contingent claim.
The case where one of these instruments, say Y , i s u n a vailable for trading leads to complications. If the driving Wiener process is one-dimensional andỸ is a lognormal asset not perfectly correlated with X, Y can bereplicated by a self-nancing strategy in X andỸ . This is no longer the case in higher dimensions: An additional asset would be required for each additional dimension of the Wiener process.
The Cost Process for Gaussian Hedges
Let us now analyze the case where the trader hedges according to theorem 3.2. As inputs, this requires the actually observed prices of the underlyings X and Y as well as an assumption on the volatility of the quotient process Z in form of a deterministic func-
. Again, note that this is an assumption for hedging purposes only. It is the discrepancy between reality and the hedgers assumptions that gives rise to the misspeci cation of hedging strategies which w e seek to analyze; nothing is assumed about the true dynamics of the asset prices, other than that they are given by strictly positive, continuous semimartingales. We setṽ t : = In order to analyze the cost process further, we must make some general assumption on how the true" stochastic dynamics of the underlying claims may be represented. We place ourselves in a di usion process setting by assuming that the probability space ; F; P supports an n-dimensional Brownian motion W and that IF is the augmented ltration generated by W . The martingale representation theorem implies that there is an n dimensional process , integrable with respect to W , so that the martingale part dZ M of the Doob-Meyer decomposition of Z can bewritten in the form
Other than integrability w e are not restricting in any w ay. In particular, at time t may depend on t and Z t , the entire path of Z up to t, or some other random variable. In the previous sections we have discussed the robustness of Gaussian hedges in general terms. We g o b e y ond the Black-Scholes framework usually considered in the literature on misspeci cation to show h o w these results can be applied to many i n terest rate derivatives.
Gaussian short-rate models. In one and multifactor Vasicek 1977 type term structure models 2 , zero coupon bonds are lognormal assets. Thus, by assuming such a model the hedger can construct Gaussian hedges for options on zero coupon bonds. We denote the price at time t of a zero coupon bond with maturity T by Bt; T . The payo of a call option with maturity T and strike price K on a zero coupon bond with maturity T + c can bewritten as
We see that it is an option to exchange the two lognormal assets B:; T + c and K B :; T . The price and the hedging strategy for this option prescribed by the model are derived from theorem 3.2. Furthermore, the natural hedge instruments are the bond B:; T whose maturity is equal to that of the option and the bond B:; T + c, which is the option's underlying. The quotient process Z, which determines the hedge strategy and the cost process is given by Z t = Bt; T + c Bt; T which is simply the forward price of the underlying bond for settlement at the option's maturity. We a c hieve a superhedge by dominating the volatility of this forward price process.
Money market derivatives such as caps and oors can also betreated in this model. We recall that forward LIBOR ft; T; i s de ned via the equation 1 + ft; T; = Bt; T Bt; T + 19
A caplet with reset date T and strike rate has a payo of fT ; T ; , + at time T + . A straightforward calculation shows that this is equivalent t o a p a yo of 1 + 1 1 + , BT ; T+ + at time T . Thus, the caplet can beinterpreted as a put option on the bond B:; T + . Analogously, a oorlet corresponds to a call option. In these cases, the natural hedge instruments are the zero coupon bonds whose maturities correspond to the reset and settlement dates of the caplet oorlet.
A more sophisticated derivative which can be considered in this model is a spread option on forward LIBOR.The associated payo is given by Bt; T Bt; T + + As quotients of lognormal assets, the two processes appearing in the option's payo are lognormal themselves, so that theorem 3.2 can be used to derive a model price and hedging strategy for this option. Unfortunately, in this case the natural hedge instruments" are unavailable in the market: Bt; T + c=Bt; T + c + m a y b e i n terpreted as a forward on Bt; T + c with maturity T + c + , i.e. the forward would mature after its underlying.
LIBOR Market Models. As we have seen above, caps and oors may bedecomposed into portfolios of puts and calls caplets and oorlets on zero coupon bonds and thus can be treated as options on lognormal claims in a Vasicek type framework. However, practitioners see rates with actuarial compounding as the underlying of these contracts and therefore apply the Black 1976 formula to the rates. Miltersen, Sandmann and Sondermann 1997 MSS show this to be compatible with an arbitrage-free framework in which selected forward rates are modelled as lognormal di usions. Hence the rate ft; T; is a lognormal martingale under the T + forward measure 3 , i.e. dft; T; = t; T; ft; T; dW t where W is a possibly multidimensional Brownian motion under the T + forward measure and~ t; T; is a deterministic function of its three arguments. This approach also has the advantage of precluding negative rates, which are assigned positive probability in models of the Vasicek type. Thus, to construct the hedge, the zero coupon bond with the same maturity as the option and the underlying" either the zero coupon bond maturing in T + or forward LIBOR are required. Note that while neither X nor Y are assumed to be lognormal claims in this framework, the quotient process
is lognormal under the appropriate probability measure by the hedger's assumption. We can apply the same arguments as in the previous section to arrive at the following results: Assumption 5.1. There i s a n n-dimensional Brownian motion W , and an n-dimensional process ; T ; , integrable with respect to W , so that the following is valid: In particular, L is locally of bounded variation.
Corollary 5.3. The MSS hedging strategy is a superhedge i for each t 2 0; T we have: k t; T; k k t; T; k P -a.s.
We see that in the market model, it is necessary to dominate the volatility of the forward rate underlying the caplet in order to obtain a superhedge. This is di erent from the Vasicek case where we had to dominate the forward price volatility. We see that di erent modelling strategies lead to di erent superhedges. The implications of this will be discussed in the next section.
Swap Market Models. The industry standard approach to pricing European swaptions is again to apply a Black Scholes type formula, in this case to the underlying forward swap rate. Jamshidian 1997 makes this practice rigorous by developing an arbitrage free model in which the forward swap rate is a lognormal martingale under the relevant pricing measure.
We consider a European payer swaption which, as Jamshidian citing Neuberger 1990 notes, is simply the option to exchange xed" cash ows for oating" cash ows. We let the tenor structure of the swap berepresented by dates T i ; i 2 f 0; : : : ; n g, and de ne i := T i , T i,1 for i 2 f1; : : : ; n g. As our hedging strategies replicate the option payo at maturity b y construction, we need not be explicitly concerned with the convexity of option prices under all possible volatility scenarios. This is one advantage of not restricting strategies to those which are selfnancing. By showing that the cost process implied by Gaussian hedging strategies is of nite variation and can bechosen to be monotonically decreasing by setting the assumed volatility t o the upper bound, we have met the su cient conditions for a superhedge. In addition, if no further information about the dynamics of the underlying is available, then the Gaussian hedge at the upper volatility bound is the cheapest superhedge by a simple argument: If the true dynamics are such that volatility is constant at the upper bound, then the hedging strategy replicates the option perfectly at all times, i.e. it is self-nancing. Thus the existence of any cheaper hedge would represent an arbitrage opportunity. Since we are requiring that the hedging strategy superreplicate the option, this argument remains valid if the probability that k t k 2 u t , " 8 t 2 0; T , where u t represents the upper volatility bound, is positive for all " 0. Thus it does not depend on the choice of equivalent probability measure. The second advantage of considering superhedging strategies which are not required to be self-nancing is that funds in the portfolio are freed as soon as they are no longer required: The value of the portfolio is always equal to the option price under the assumption that the realized volatility will be equal to the upper bound during the remaining life of the option; funds which were necessary to construct the superhedge for the time past but not drawn on because the worst case" did not come about are paid out" continuously by the monotonically decreasing cost process. Thus the portfolio represents the cheapest superhedge given the upper bound on the volatility and the realized dynamics of the underlying up to any time including option maturity; at option maturity the required payo is replicated exactly. In the case of caps, oors and swaptions we h a ve the choice of constructing Gaussian hedges according to a Vasicek type model or using the market" model for each product, e.g. MSS or BGM for caps and oors or Jamshidian 1997 for swaptions. Which model leads to a cheaper superhedge depends on how v olatility information is speci ed. Since practitioners routinely quote Black volatilities for forward LIBOR and swap rates, the market models will usually be preferable. Of course, volatility bounds on forward rates can be translated into volatility bounds on zero coupon bond prices and vice versa by simple application of Itô's lemma. However, the translated bounds depend on forward rate resp. bond price realizations and then moving to a deterministic upper bound loses information, making the resulting superhedge more expensive.
Lack Of Natural" Hedge Instruments
The main result of the above sections is that Gaussian" hedges, if carried out in the natural" hedging instruments, are robust in the sense that they imply a cost process of nite variation irrespective of the true dynamics of the underlying assets. If an upper bound for the volatility of the underlying is known, the Gaussian hedging strategy obtained for the maximum volatility superreplicates the option. This is arguably the cheapest superhedge if no further information on the volatility process is available. At the same time we have seen that a non-trivial superhedge is only possible given a minimum amount of information on the hedge instruments. However, in many applications, in particular xed income derivatives, the natural" instruments leading to a cost process of nite variation are not always traded. As an example, consider even the plain vanilla European call option. The natural hedging instruments in this case are the underlying and the zero coupon bond maturing at option expiry. Typically, such a zero coupon bond will not be liquidly traded, and therefore not available for hedging purposes. This means that we also need information on the correlation of the natural instruments with those available in the market. Given this information in a complete market, the natural hedging instruments can at least theoretically be synthesized by a dynamic hedging strategy. Thus we h a ve to analyse the dependence of the cost process on the choice of hedge instruments. Suppose that we are given a hedging strategy = X ; Y for a contingent claim C T which i n volves positions in the underlying assets X and Y . Also we assume that there are additional assets Y The condition for to be superreplicating is dL = dL + X dL~ 0
Without any information on the interdependence of the two cost processes L and L~ , the most obvious superhedging strategy would beto demand that each term in the equation above is non-positive. From the hedging formula presented in theorem 3.2, one can assume that X does not change its sign. Therefore, L~ must bemonotonic, i.e. a subor superhedge for X. If X is positive, this e ectively means that the superhedge is constructed in two steps. First the missing asset X is superhedged with the available assets. This superhedge is then used as an input for the original superhedging strategy. However, in the next section we show that, since~ is a strategy identically replicating the asset X, the cost process L~ has a non-vanishing martingale part. This implies that a superhedge is not possible using such a t wo-step strategy.
The Cost Process When a Natural Hedging Instrument is Unavailable
We now study the case where the hedge instrument X is not available in the market and a potential hedger must use other assets Y 1 ; :::; Y n to synthesize X. The model used by the hedger must allow the self-nancing replication of X. This is only true irrespective o f concrete choice of X if the model used for hedging is dynamically complete. It is helpful to clarify the minimum asset structure necessary for the dynamic completeness of the market described by the hedgers model. This is especially so because we wish to focus on trading only a limited number of available assets. In particular, it is unrealistic to assume that one of these is a continuously compounded savings account, i.e. instantaneously risk-free.
Model Completeness. Once more, we place ourselves in a di usion process setting. Con- P -almost all t; ! 2 0; T , the a ne subspace generated b ỹ Y 1 t; !; : : : ; Y n t; ! has dimensiond. Proof: 1. We c hoose Y n as numeraire and denote the corresponding martingale measure by Q. We will start by showing that the rank condition is necessary. Let C be an attainable contingent claim settling at time T . Its price process X is given by
The dynamics of the discounted price process X = X Y n can bewritten as
where W is ad-dimensional Q-Brownian motion and~ X is ad-dimensional predictable process. Since C is attainable, there is a self-nancing portfolio such that X = 2. We now show that the rank condition is su cient. Again, let C be a suitably integrable claim settling at T and de ne X by 25. Because the rank condition is ful lled, we can nd predictable processes 
Since the self-nancing property i s i n variant under a change of numeraire and a change of measure, 26 shows that the portfolio is indeed self-nancing.
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Remark 8.3. 1. The previous result is a straight-forward generalization of the rank condition in the classical Black-Scholes setting. However, in this case it is the a ne structure of the volatility that matters. This is obscured in the case where one asset is the continuously compounded savings account, because one only needs to consider the volatility structure of the remaining risky" assets.
2. Suppose that n =d+1 and that the rank condition is satis ed. Then, since~ Y 1 ; : : : ; Y n are a ne independent, the weights 
Notice that X and Y i denote the true" volatilities. Thus we have the result that the Black Scholes hedge of the missing asset yields a cost process of bounded variation if and only if
Generically, if the true volatilities are not known, the i chosen by the hedger will not satisfy 28. Note that, in particular, overestimating volatilities is not a su cient condition for achieving a superhedge, i.e. if a natural hedging instrument is unavailable, we cannot construct a superhedge using a Black Scholes type strategy. From equation 24 we see that the choice of hedge instruments used to synthesize the unavailable asset plays a role in determining the cost of the hedging strategy and proposition 8.4 gives us the martingale component of the cost process for a given choice of hedging instruments Y i . In the next section, we analyze the problem of choosing the optimal instruments so as to minimize this martingale component. Since selecting the best hedging instruments requires some knowledge about relationships between asset volatilities, we focus on xed income securities, where some stylized facts" about the term structure of volatility are available.
Duplication of Bonds
The term structure of volatility is particularly transparent for zero coupon bonds. This leads us to consider the problem of duplicating a zero-coupon bond with bonds of di erent maturities. For simplicity we restrict ourselves to the case of duplicating a zero coupon bond using only two other bonds. To beconsistent, this implies that the hedger assumes a one-factor term structure model. For each maturity T 2 I R + we denote the assumed lognormal bond price dynamics by dBt; T M = Bt; T ~ t; T dW t 29 where~ is a deterministic function which is monotonic in T With respect to the assumed model, the volatility of the forward price process of the bond T 2 with respect to T 1 is given by~ t; T 2 ; T 1 :=~ t; T 2 ,~ t; T 1 . As we only consider bond price volatilities and volatilities of forward prices, we will refer to~ t; T 2 ; T 1 as the forward volatility and also use the shorter notation~ T 2 ;T 1 t. 
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There is no reason to assume a one-factor model perfectly re ects reality. So, in contrast to the hedger's assumptions, we let the real bond price dynamics be driven by an n dimensional Brownian motion W . For each maturity T 2 0; T , there is an I R n -valued stochastic volatility process T := :; T such that dBt; T M = Bt; T t; T dW t Once again, T 1 ;T 2 denotes the forward volatility process T 1 ;T 2 := T 1 , T 2 .
Lemma 9.2. Let maturities T ; T 1 ; T 2 be given and let~ be the replication strategy given in the previous lemma. Then we have the following two representations for the martingale part of the cost process dL~ 34 A bond price model is determined by the bond volatilities. In particular, we can only nd a self-nancing replicating strategy for the bond with maturity T if it is possible to write its volatility as a linear combination of the hedge instruments' volatilities, cf. proposition 8.4. Due to misspeci cation, it is no longer possible to match the bond volatility exactly. The choice of hedge instruments is determined by the attempt to make this mismatching as small as possible. Intuitively the best hedge instruments are those whose volatility structure is as close to that of the bond being hedged as possible, i.e. those bonds with the closest maturity dates. The next question which presents itself is whether to use longer or shorter bonds. Typically, bond volatility i s increasing in the time to maturity. Therefore one might betempted to prefer bonds with shorter maturities as hedge instruments due to their lower volatility. However, the e ect of misspeci cation is determined by the relationship between true and assumed forward volatilies and not by the absolute value of the volatilities.
In practical applications one deals with an exogenously given nite set of bond maturities, so that the following de nition can be used to determine the optimal pair of maturities for hedging. Definition 10.1 Robustness of hedge instruments. Let T 1 ; T 2 and T 0
A general solution of the problems stated above is not possible without further assumptions both on the set of available bond maturities as well as the true volatility structure. Therefore, further analysis requires a more specialized framework, which goes beyond the scope of this paper.
11. Conclusion The results of this paper represent a strong argument for the use of Black Scholes-type strategies to hedge derivatives, not only in equity and foreign exchange markets, but also in the case of xed income security instruments. The nite variation of the resulting cost process under arbitrary model misspeci cation succintly captures the robustness of Gaussian hedges, and this carries over to the market model" setting of pricing caps and oors or swaptions by Black-type formulae. Thus employing theoretically incompatible lognormal models of forward LIBOR and swap rates may be justi ed by uncertainty in the speci cation of the true" model. Furthermore, when volatility can bebounded from above and a superhedge obtained, a Gaussian hedging strategy arguably gives the cheapest superhedge, with funds being freed as soon as they are no longer needed to hedge against the worst-case volatility scenario.
On the other hand, the robustness result must be quali ed by the availability of the natural" hedging instruments. If they are unavailable and must in turn besynthesized by a dynamic trading strategy, nite variation of the cost process under model misspeci cation is lost and consequently a non-trivial superhedge cannot beobtained even if volatility is bounded. Therefore, it makes sense to de ne the optimal selection of hedge instruments by the criterion of minimizing the local variance of the cost process, allowing us to de ne criteria for the optimal choice of hedge instruments. Given that we are able to characterize market completeness in a multi-dimensional Black Scholes type framework by a criterion on nite dimensional volatility vectors in a manner quite similar to the discrete time, discrete state space case, research continues with the goal to analogously describe optimally robust hedging strategies when natural" instruments are unavailable.
